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1. Introduction
We wish to consider the reduction modulo p of the ordinary irreducible unipotent
representations of the general linear groups GLn(q) in the case that p  q . For each
partition λ of n, James [3] defined a GLn(q)-module Sλ, known as a Specht module.
Over fields of characteristic zero, these Specht modules form the complete set of non-
isomorphic irreducible unipotent GLn(q)-modules. They are usually defined in terms of
the intersection of the kernels of certain homomorphisms, and a generating element can be
found for each Specht module. However, in all but a few cases, no explicit basis for Sλ as
a vector space has been found.
The results presented here demonstrate a property of the Specht modules which may
help to determine their bases; it severely restricts the form of any such basis vector.
Definition 1.1. The notation used will be that of James [3]. Let F be a field of
characteristic p where p  q and let M be the n-dimensional vector space over Fq with
basis {e1, e2, . . . , en}. We will associate GLn(q) with GL(M).
For a partition λ= (λ1, λ2, . . . , λc) of n, we define the FGLn(q)-module Mλ to be the
vector space over F whose basis elements are the set of λ-flags over M . (Note that if λ has
exactly two parts, it is convenient to represent a λ-flag as a vector subspace.) Then GLn(q)
acts on the flags by permuting the elements of M .
We define the Specht module Sλ by
Sλ =
c⋂
i=2
λi−1⋂
t=0
kerψi−1,t
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λd,t = (λ1, . . . , λd−1, λd + λd+1 − t, t, . . . , λc).
Then ψd,t :Mλ →Mλd,t is the FGLn(q)-homomorphism which sends the λ-flag
V = [V0 >V1 > · · ·>Vd−1 >Vd > Vd+1 · · ·>Vc]
to the sum of all λd,t -flags
W = [V0 >V1 > · · ·>Vd−1 >Wd  Vd+1 · · ·>Vc]
which have the property that Vd >Wd .
An analogous definition holds when we consider the Specht modules of the symmetric
group [2]. Then each element of the Specht module is the sum of tabloids, and it can be
shown that if we arrange them according to a particular partial order then the last tabloid
can be thought of as standard. This fact can be used to show that the Specht module has a
basis indexed by standard tabloids. We will show that, in a certain sense, the last flag in an
element of an FGLn(q)-module Sλ also corresponds to a standard tableau; however recent
work by Dipper and James [1] suggests that there is no simple connection between basis
elements of the Specht module and standard tableaux.
We begin by looking at the case where λ has exactly two parts, and then generalise for
arbitrary partitions.
2. Two part partitions
Definition 2.1. Let λ= (n−m,m) be a partition of n with exactly two parts. Suppose that
Y is an λ-flag; that is, we consider Y to be an m-dimensional subspace of M . We may
assume that Y = 〈f1, f2, . . . , fm〉 and
fd =
sd∑
j=1
ad,j ej
where ad,sd = 0 for all d and s1 < s2 < · · ·< sm. Say that the λ-tableau corresponding to Y ,
denoted T (Y ), is given by the row standard tableau which contains the entries s1, s2, . . . , sm
in the second row. Hence
T (Y )= r1r2 . . . rm . . . rn−m
s1s2 . . . sm
= s1s2 . . . sm.
Define a partial order  on the set of row standard λ-tableaux by
s1s2 . . . sm  s
′
1s
′
2 . . . s
′
m if and only if sd  s′d for all d.
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V =
∑
dimY=m
WYY ∈ Sλ \ 0
where WY ∈ F for all Y . Say that a flag Y occurs in V if WY = 0.
Suppose that the flag Y ′ occurs in V and is such that for every flag Y with Y = Y ′ and
T (Y ′) T (Y ) we have that Y does not occur in V . Then the tableau T (Y ′) is standard.
Proof. Suppose there exists a flag Y ′ of the form described in Theorem 2.2 where T (Y ′)
is not standard. Suppose Y ′ = 〈f1, f2, . . . , fm〉 is such that
fd =
sd∑
j=1
ad,j ej
where ad,sd = 0 for all d and s1 < s2 < · · ·< sm. Then
T
(
Y ′
)= r1r2 . . . rm . . . rn−m
s1s2 . . . sm
.
Hence for some i with 1 i m we have that si < ri . Define the vector subspace Z by
Z = 〈er1, er2, . . . , eri−1〉
and consider the sum
(‡)=
i−1∑
k=0
(−1)kq 12 k(k−1)
∑
AZ
dimA=k
∑
dimX=m
{
WX |X 
(
A⊕ 〈fi+1, fi+2 . . . fm〉
)}
= 0 since V ∈ Sλ.
We make the following claim.
Claim. Firstly,
(‡)=
∑
dimX=m
{
WX |X ∩Z = 0 and X  〈fi+1, fi+2, . . . , fm〉
}
.
Further, if X satisfies dimX = m and X ∩ Z = 0 and X  〈fi+1, fi+2, . . . , fm〉 then
T (Y ′) T (X).
Note that Y ′ satisfies Y ′ ∩ Z = 0 and Y ′  〈fi+1, fi+2, . . . , fm〉. Furthermore, if
T (Y ′)  T (X) and X = Y ′ then WX = 0 by the nature of Y ′. Hence (‡) = WY ′ = 0,
contradicting our choice of Y ′ as an occurring flag. Thus the proof of Theorem 2.2 will
be complete once we have proved this claim. ✷
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Z = 0. If k = 0 and dimA= k then X satisfies X  A⊕ 〈fi+1, fi+2, . . . , fm〉 and so WX
is counted once. There does not exist A Z such that dimA> 0 and AX. Hence WX
is counted exactly once.
Now suppose dimX =m and X  〈fi+1, fi+2, . . . , fm〉 and dim(X ∩ Z)= b > 0. For
fixed k, the number of times that WX is counted is equal to
(−1)kq 12 k(k−1)(#A such that dimA= k where A Z and AX)
= (−1)kq 12 k(k−1)(#A such that dimA= k and A Z ∩X)
= (−1)kq 12 k(k−1)
[
b
k
]
.
Hence the total number of times that WX is counted is equal to
i−1∑
k=0
(−1)kq 12 k(k−1)
[
b
k
]
= 0
since 0 < b dimZ = i − 1.
Now suppose that dimX =m and X  〈fi+1, fi+2, . . . , fm〉 and dim(X∩Z)= 0. Write
X = 〈g1, g2, . . . , gi , fi+1, . . . , fm〉 where for 1 d  i we have that
gd =
ud∑
j=1
bd,j ej
where bd,ud = 0 and u1 < u2 < · · · < ui and ud = sa for all a with i < a  m and all
d with 1  d  i . We claim that ud  sd for all d  i . Suppose for a contradiction that
ud∗ < sd∗ for some d∗  i . Write
gd =
m∑
l=1
αd,lesl +
n−m∑
l=1
βd,lerl
for coefficients αd,l, βd,l ∈ F and let
hd =
m∑
l=1
αd,lesl ;
noting that for d  d∗, we have that
hd =
d∗−1∑
αd,lesl and gd =
d∗−1∑
αd,lesl +
i−1∑
βd,lerl
l=1 l=1 l=1
730 S. Lyle / Journal of Algebra 269 (2003) 726–734since ud  ud∗ < sd∗  si < ri . Then there are coefficients xd ∈ F , not all zero, such that
d∗∑
d=1
xdhd = 0 and so
d∗∑
d=1
xdgd ∈ Z
and is non-zero since {gd} are linearly independent. Hence X ∩Z = 0, giving the required
contradiction. So
s1s2 . . . sm  u1u2 . . .uisi+1 . . . sm,
completing the proof. ✷
We now look at the case where λ has arbitrarily many parts.
3. Arbitrary partitions
Definition 3.1. Suppose λ= (λ1, λ2, . . . , λc) is a partition of n and Y = [Y0 > Y1 > · · ·>
Yc−1 > Yc] is a λ-flag. We now define a corresponding λ-tableau T (Y ).
Recursively, for c k  1, starting with k = c, we obtain numbers sk1 , sk2 , . . . , skλk in the
following way. Suppose that
Yk−1 = Yk ⊕
〈
f k1 , f
k
2 , . . . , f
k
λk
〉
where for each
f kd =
skd∑
j=1
akd,j ej
we have: ak
d,skd
= 0 for all d ; skd = sja for j > k and 1 a  λj ; and sk1 < sk2 < · · ·< skλk .
We define the row standard λ-tableau T (Y ) to be
T (Y )=
s11s
1
2 . . . s
1
λ1
s21s
2
2 . . . s
2
λ2
...
...
sc1s
c
2 . . . s
c
λc
.
We now extend the partial order to the set of row standard λ-tableaux as follows. For
a row standard tableau t and positive integers a and b define
ma,b(t)= # entries  a in the first b rows of t .
Say that t1  t2 if and only if ma,b(t1) ma,b(t2) for all a, b. (Note that if λ has exactly
two parts, this is the same partial order as previously defined.)
S. Lyle / Journal of Algebra 269 (2003) 726–734 731Now suppose that t1 and t2 are two row standard tableaux such that all entries of t1 and
t2 are equal except in possibly rows b and b+ 1 for some integer b. Further suppose that
for 1 i  λb+1, the ith entry of row b+ 1 in t2 is at least as large as the ith entry of row
b+ 1 in t1. Then note that t1  t2.
Theorem 3.2. Suppose
V =
∑
Y
WY Y ∈ Sλ \ 0
where for all Y , we have that Y is a λ-flag and WY ∈ F . Suppose that the flag Y ′ occurs
in V and is such that for every flag Y with Y = Y ′ and T (Y ′) T (Y ) we have that Y does
not occur in V . Then the tableau T (Y ′) is standard.
Proof. Note that the result is trivially true if λ has only one part. Assume c  2. Suppose
there exists a flag Y ′ of the form described in Theorem 3.2 where T (Y ′) is not standard.
Let T (Y ′) be given by
s11s
1
2 . . . s
1
λ1
s21s
2
2 . . . s
2
λ2
...
...
sc1s
c
2 . . . s
c
λc
where skd is determined by the vector f
k
d with notation exactly as in Definition 3.1. Then
for some i , m with 2m c and 1 i  λm we have that sm−1i > smi . Set
Z = 〈f m−11 , f m−12 , . . . , f m−1i−1 〉
and consider the sum
(‡)=
i−1∑
k=0
(−1)kq 12 k(k−1)
×
∑
AZ
dimA=k
∑
X
{
WX
∣∣X = [Y ′0 > Y ′1 > · · ·> Y ′m−2 >Xm−1 > Y ′m > · · ·> Y ′c]
is a λ-flag such that Xm−1 
(
A⊕ 〈f mi+1, . . . , f mλm 〉)}
= 0 since V ∈ Sλ.
Note that the subspaces Z, 〈f mi+1, . . . , f mλm〉, and Y ′m = 〈f c1 , . . . , f cλc , f c−11 , . . . , f c−1λc−1, . . . ,
f m+11 , . . . , f
m+1
λm+1 〉 all pairwise intersect in 0.
We make the following claim.
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(‡)=
∑
X
{
WX
∣∣X = [Y ′0 > · · ·> Y ′m−2 >Xm−1 > Y ′m > · · ·> Y ′c] is a λ-flag
such that Xm−1 
〈
f mi+1, . . . , f
m
λm
〉
and Xm−1 ∩Z = 0
}
.
Further, if X = [Y ′0 > · · ·> Y ′m−2 >Xm−1 > Y ′m > · · ·> Y ′c] is a λ-flag such that Xm−1 〈f mi+1, . . . , f mλm〉 and Xm−1 ∩Z = 0 then T (Y ′) T (X).
Note that Y ′ = [Y ′0 > · · · > Y ′m−2 > Y ′m−1 > Y ′m > · · · > Y ′c] is such that Y ′m−1 〈f mi+1, . . . , f mλm〉 and Y ′m−1 ∩ Z = 0. Furthermore, if T (Y ′)  T (X) and X = Y ′ then
WX = 0 by the nature of Y ′. Hence (‡) =WY ′ = 0, contradicting our choice of Y ′ as an
occurring flag. Thus proving the above claim will complete the proof of Theorem 3.2. ✷
Proof of Claim. Consider a λ-flag X = [Y ′0 > · · ·> Y ′m−2 >Xm−1 > Y ′m > · · ·> Y ′c] such
that Xm−1  〈f mi+1, . . . , f mλm〉 and Xm−1 ∩ Z = 0. If k = 0 and dimA = k then Xm−1
satisfies Xm−1  A ⊕ 〈f mi+1, . . . , f mλm〉 and so WX is counted once. There does not exist
A Z such that dimA> 0 and AXm−1. Hence WX is counted exactly once.
Now take X as above except that dim(Xm−1 ∩ Z)= b > 0. For fixed k, the number of
times WX is counted is equal to
(−1)kq 12 k(k−1)(#A such that dimA= k where A Z and AXm−1)
= (−1)kq 12 k(k−1)(#A such that dimA= k, and A Z ∩Xm−1)
= (−1)kq 12 k(k−1)
[
b
k
]
.
Hence the total number of times that W(X) is counted is equal to
i−1∑
k=0
(−1)kq 12 k(k−1)
[
b
k
]
= 0
since 0 < b dimZ = i − 1.
Now suppose that X = [Y ′0 > · · · > Y ′m−2 > Xm−1 > Y ′m > · · · > Y ′c] is a λ-flag such
that Xm−1 > 〈f mi+1, . . . , f mλm〉 and Xm−1 ∩ Z = 0. All rows of T (X) are equal to the rows
of T (Y ′) except for possibly rows m− 1 and m. Suppose that
Xm−1 = Y ′m ⊕
〈
gm1 , g
m
2 , . . . , g
m
i , f
m
i+1, . . . , f
m
λm
〉
where for 1 d  i we have that
gmd =
umd∑
bmd,j ej
j=1
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d,umd
= 0, um1 < um2 < · · ·< umi , umd = sma for all a with i < a  λj , and all d with
1 d  i , and umd = sja for all j >m and all a with 1 < a  λj , and all d with 1 d  i .
Then the mth row of T (X) contains the entries
um1 , u
m
2 , . . . , u
m
i , s
m
i+1, . . . , s
m
λm
.
Note that
Xm−1 < Y ′m−2 =
〈
f c1 , . . . , f
c
λc
, f c−11 , . . . , f
c−1
λc−1, . . . , f
m−1
1 , . . . , f
m−1
λm−1
〉
so that
gmd =
c∑
j=m+1
λj∑
l=1
β
j,m
d,l f
j
l +
λm∑
l=1
βmd,lf
m
l +
λm−1∑
l=1
βm−1d,l f
m−1
l .
Now suppose we replace each gmd with the vector
g˜md = gmd −
c∑
j=m+2
λj∑
l=1
β
j,m
d,l f
j
l .
Since
∑c
j=m+2
∑λj
l=1 β
j
d,lf
j
l ∈ Y ′m, we still have that
Xm−1 = Y ′m ⊕
〈
g˜m1 , . . . , g˜
m
i , f
m
i+1, . . . , f
m
λm
〉
and g˜md =
umd∑
j=1
cmd,j ej ,
where cm
d,umd
= 0. Hence we can assume that gmd is of the form
gmd =
λm∑
l=1
βmd,lf
m
l +
λm−1∑
l=1
βm−1d,l f
m−1
l .
We now claim that umd  smd for all d  i . Suppose for a contradiction that umd∗ < smd∗ for
some d∗  i . Then for d  d∗ we have that
gmd =
d∗−1∑
l=1
βmd,lf
m
l +
i−1∑
l=1
βm−1d,l f
m−1
l
since umd  umd∗ < smd∗  smi < s
m−1
i . Let
hmd =
d∗−1∑
βmd,lf
m
l .l=1
734 S. Lyle / Journal of Algebra 269 (2003) 726–734Then there are coefficients xd ∈ F , not all zero, such that
d∗∑
d=1
xdh
m
d = 0.
So
d∗∑
d=1
xdg
m
d ∈ Z
and is non-zero since {gmd } are linearly independent. Hence Xm−1 ∩ Z = 0, giving the
required contradiction.
Thus T (Y ′) T (X), completing the proof. ✷
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